HYPERSURFACES WITH CONSTANT ANISOTROPIC MEAN 

CURVATURES 
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Abstract. We apply the evolution method to present a new proof of the Alexandrov 
' type theorem for constant anisotropic mean curvature hypersurfaces in the Euclidean 



o 



> 



space JJi"+^. 



1. Introduction 



The classical Alexandrov theorem is one of the most remarkable results which states 
that any closed embedded constant mean curvature hypersurface in the Euclidean space 
is a round sphere. It has different methods to prove, for instance, Alexandrov reflection 
([!]), application of Reilly's formula (|21], [22]), Montiel-Ros' integration ([H]), a spino- 
rial Reilly-type inequality ([10]), etc. It can also be generalized to many other ambient 
manifolds or hypersurfaces with constant higher order mean curvatures ([21], [T7], [22] . 
[IS], [E], [Z] and references therein). Recently, S. Brendle ([3]) proved an Alexandrov 
type theorem in certain warped product manifolds, including deSitter-Schwarzschild and 
p<j . Reissner-Nordstorm manifolds. His proof is based on evolution equations, which seems to 
0^ I have generality. 

^ I On the other hand, as a natural generalization of surfaces with constant mean curvature, 

^ ■ extensive research has been devoted to studying surfaces with constant anisotropic mean 
O ' curvature in the Euclidean space in the fields of analysis, geometry and material sciences 
^ : (cf. [23], [8], [2], [9], [5], [20], [6], [21], [15], [IS], [II], [I2] and the references therein). Let 

F : — >^ be a smooth positive function defined on the unit sphere which satisfies the 
following convexity condition: 

Af := {D^F + Fl)^> 0, Vx G S'^, (1.1) 

where D^F denotes the Hessian of F on S", 1 denotes the identity on T^S" and > 
means that the matrix is positive definite. Now let x : E — )■ M""*"^ be a smooth immersion 
of a closed orientable hypersurface and z/ : E — )■ denote its Gauss map. Then the 
anisotropic surface energy of x is defined as follows: 

J^(x) = [ F{v)dA. 
Jt, 

Notice that if F = 1, then J-'(x) is the usual area functional of x. The algebraic (n + 1)- 
volume enclosed by E is given by 

V = ^ [ {x,u)dA. 
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It is very interesting to study the critical points of T for volume-preserving variations. 
The Euler-Lagrange equation for this constrained variational problem is 

Bp := -divsDF + nEF = constant, (1.2) 

where H := —^tidu is the mean curvature of x. Thus Hp is called the anisotropic mean 
curvature of x. Notice that if F = 1 then Hp is nothing but nH. 

Among all hypersurfaces with constant anisotropic mean curvature, there is one class 
of special hypersurfaces which are the generalization of the unit spheres. Consider the 
map 

^ M"+i 
X t-)- DF^ + F{x)x, 

where DF is the gradient of F on S". We call Wp = fiS"-) the Wuljf shape of F or J^. 
Under the convexity condition of F, Wp is a smooth convex hypersurface and J-" is called 
a parametric elliptic functional. When F = 1, the Wulff shape is the unit sphere. 
Observe that 

Hp = —tid^ip o u), 

so one can call 

Sp := —d{ip o u) = —Ap o du 

the anisotropic Weingarten operator of x. Let S := —dv be the classical Weingarten 
operator. Remark that in general Sp is not symmetric, but it still has real eigenvalues 
Ai,--- , A„, which are called anisotropic principal curvatures. Similar to the classical 
hypersurfaces theory, we have the following characterization for the anisotropic umbilical 
hypersurfaces in M^+^i 

Lemma 1.1 (See [11], [12]). Let x : S" — )■ W^^'^ he an immersed closed hypersurface. 
// Ai = A2 = • ■ ■ = A,„ 7^ holds everywhere on S, then S is the Wulff shape, up to 
translations and hometheties. 

Let (Tr be the elementary symmetric functions of the anisotropic principal curvatures 
Ai,--- ,An, i.e., ar := Z]n<-<v -^n ' ' ' -^v for 1 < r < Set ctq = 1. Then the r- 
th anisotropic mean curvature Hr is defined by Hr = Or/C^, where = . In 

particular. Hi = Hp/n. 

We have proved the following Alexandrov type theorem in [13] : 

Theorem 1.1. Let be a closed oriented hypersurface embedded in the Euclidean space 
]]^n+i_ jfff^ is constant for some r = 1, ■ • • ,n, thenT, is the Wulff shape, up to translations 
and hometheties. 

In this paper, we will apply the evolution method introduced by Brendle [3J to give a new 
proof of Theorem 11.11 In Section |2l we first recall hypersurfaces theory in the Euclidean 
space in terms of moving frames and then we prove three fundamental equations for an 
immersed oriented hypersurface in M"+^ related to its anisotropic mean curvature. In 
Section [3l we use one of the fundamental equations obtained in Section [2] and employ the 
evolution method introduced by Brendle ([5]) to show the Heintz-Karcher type inequality 
(See Theorem 13. ip . In Section HJ we use the standard argument to prove Theorem ll.il 
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2. Preliminaries and basic equations 



For the convenience of the reader, we firstly recall the basic facts related to anisotropic 
mean curvature of a hypersurface in terms of moving frames. See more details in [T^ . 

Let X : S — )■ be a smooth oriented hypersurface with its Gauss map z/ : S — )■ S". 

Let {El, ■ ■ ■ , En} be a local orthonormal frame on then {ei := Eiojj, ■ ■ ■ , e„ := -E^oz/} 
is a local orthonormal frame of S and ei, ■ ■ ■ , e„, e„+i = is a local orthonormal frame 
on M"'^^ along x. Denote the dual frames of Ei and Cj by 6i and cuj, respectively, and the 
corresponding connection forms by 6ij and Uij. 

Throughout this paper, we agree on the range of indices: 1 < i,j,--- < n and 1 < 
A, S, ■ ■ ■ < 77, + 1. Recall that the structure equations of ?/:§"—)■ ]R"+^ are as follows: 

dy = ^ diEi, dEi = ^ OijEj - 9iy, 

' (2.1) 

d9i = ^ 9ij A 9j, d9ij — ^ 9ii: A 9kj = —9i A 9j, 

j k 

where 9ij + 9ji = 0. For a smooth positive function F : — )■ M+, we define the covariant 
differentials Fi, Fij and Fij^ as follows 



dF = Y,F^9„ 

i 

dFi + ^ Fj9ji = Fi/j, 
i j 

dFij + Fik9kj + Fkj9ki = Fijk9k- 



(2.2) 



fc 

It follows from (12. ip and Ricci identity that 

Fijk Fif^j Fj6ifi Ff^6ijj 

which implies that {Fij + F6ij)^k = {Fik + F6ik)j. Denote the coefficients of Ap by 
Aij = Fij + F6ij, then we have 

-^ij,k ~ Aikj, (2-3) 

where 

Aij^k9k = dAij + Aik9kj + Akj9ki- (2.4) 

k 

The structure equations of x : S — t- R"+^ are given by 
dx = y^^UjCj, 



dci = 'j-'ijGj + hijUjU, dv = — hi 
dijJi = Uij A Uj, duij = Uik A Ukj — —Rijki<^k A oJu 



(2.5) 
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where Wm+i = ^u'^j /ijj = /ijj. Making use of (12. ip . we get 

dci = d{Ei o u) = v*dEi = v*9ijej — v*9iV, 

j 

3 



thus we have 

Uij = u*9ij, v*9i = - ^ hijUjj. (2.6) 

i 

Let / be a smooth function on S. Define the first, second covariant derivatives /j, fij 
as follows 

df = ^ fi^u dfi + ^ fjUji = ^ fijUj. 

i j j 

Considering x and u as smooth functions on S, we have 

Xi 62 5 Xij hijU^ (2.T) 

Pi = —hijCj, fij = —hikjCk — hikhkji', (2-8) 

where the covariant derivative hij^ is defined by dhij + h^jUki + hi^Ukj = X]fc ^ijk^k- 

For a smooth positive function F : S" — )■ R"*", F o z/ is a function on S. We define the 
covariant derivatives {F o z/)j, (Fj o z/)^ and {Aij o z/)fe by 

d{F o zy) = ^(F o u)iUi, 



d{Fi o z/) + ^(F,- o z/)wjj = ^(Fj o z/)jWj, 

O Z/) + ^(Afcj- o v)uJki + ^(Afc o '^)t^fcj = ^{Aj ° '^)fc'^fc- 



(2.9) 



Taking u* on both sides of equations 02.21) and using fl2.6p and (12.91) . we get ([12]) 

(Foz/), = -^/i,,(F,oz/), (2.10) 

(F,oz/), = -/i,fc(F,,oz/), (2.11) 

{Aij o z/)fc = - ^(Ajp o v)hpk- (2.12) 

p 

Denote S'irCj = Ylij ^ij^j^ then 

= ^{Aii o z/)/iij. (2.13) 

I 

Thus we have 

= - '^{Aiip o u)hpkhij + ^(Ajj o z/)/i,jfc, (2.14) 
ip I 

and 

Denote by p := (x, z/) the support function. The following identities were already 
derived in [23] in the case when the anisotropic mean curvature is constant and 02.171) has 
been obtained in [6J . 02.161) will play an important role in the proof of Theorem 13. 1[ 

Proposition 2.1. 

Af{F o z/) + tT{AFS^)F + {VHf, DFI) = ^^(Sp) (2-16) 

AFU + tr{AFS^)u + VHF = 0, (2.17) 

AfP + tT{AFS'^)p + Hf + {x, VHf) = 0, (2.18) 



where Apf := divlApV f) , V/ denotes the gradient of f with respect to the induced 
metric on S and tr^Sp) = ^ij^ji ^'^^ tr(5'^) = ^Ij- 

Proof. Making use of (l2J2ll . (KTUh . (121T1) . (ICTll and (12J[5|1 . we get 

Ai.(Foz/) = ^((A,fcOi/)(Foz/)fc)i 

= ^ (Aifcp o u)hpihkj{Fj ov)- ^{Aik o v)hkji{Fj o v) - ^{Aik o u)hkj{Fj o ly)^ 

j,i,k,p k.i.j k,i,j 

= "^C^iAkp o v)hpihkj - ^(Afc o v)hkji){Fj o z/) + ^ (Aifc o v)hkjhip{Fjp o z/) 

i j,A:,p k,i,j,p 

= - ^ ° + XI ° ^)^kjhip{Ajp ov - [F o u)6jp) 

j k,i,j,p 

= S'iijiFj o z^) + X SijSji - ^{Aik o u)hkjhij{F o z/) 

= - Y,^Hf),{F, o zy) + ti{Sl) - ti{AFS^)F o z/. 

This proves fl2.16p . 

By flTT^ . fra . fl^T^ and direct calculations, we get 

AirZ/ = ^{{Aik O Z/)z/fc)i 

= X (-4ifcp o i')hpihkiei - ^(Aifc o v){hkipep + Kphpkv) 

i,k,p,l i,k,p 

= - X SiijCi - ^(Ajfc o v)hkphpiV 

I i,k,p 

= -Y.^HF)iei~ti{AFS^)u, 
I 

which immediately verifies (12.171) . 

It follows from dp = {x, dv) = {x, ViUi) that pi = {x, z/j). Using f|2.7p and fl2.8l) . we get 

Pij = {x, = {ej, -hikCk) + {x, -hijkCk - hikhkju), 
hij hijki^x, Ck) hikhkjP- 
Together with (KV2^ and fl^3D . it yields 

AfP = ^{{Aik o u)pk)i 

i,k 

= {Aikq O U)hqihkl{x, ei) - ^{Aik O U){hki + hkiq{x, Cg) + hkqhqip), 

i,k,q,l i,k,q 

= - X Siii {x,ei) - Hp - tT{AFS'^)p 
I 

= -{x,VHf) - Hp -tT{AFS^)p, 
which completes the proof of (12.181) . □ 



The following Minkowski formula and its higher order version were obtained in [TT] and 



Proposition 2.2. Let be a closed orientable hypersurface immersed in M"^^. Then 

j {nFou + Hp{x, u))dA = 0, 



More generally, 

for r = 0, 1, • • • , n — 1. 



{HrFou + K,+i{x,u))dA = (2.19) 



s 



3. Heintze-Karcher type inequality 

Consider a closed orientable hypersurface S embedded in ]R"+^. Denote by u the inner 
unit normal vector field to S. Assume that the anisotropic mean curvature Hp with 
respect to the inner normal u is everywhere positive on S. Suppose that there exists a 
domain C M"+^ such that dn = E. 

Given a smooth positive F with convexity condition, we can associate the dual norm 
F* : R"+i R defined by ([IS], [13]) 

F*(x) = sup{^|zG§"}- 

Then we can define the F-distance function dp '■ M^"'^^ x W^'^^ — > R to be dp{x,y) = 
F*{y — x). Note that in general dp{x, y) ^ dp{y, x) and when F = 1, dp is the Euclidean 
distance function d. 

For P G M"^^, let Pf{P) = dp{P,T,). Then we can foliate f2 by a smooth family of 
hypersurfaces 

S( := {$(x, t) = X + th'p{x)\x E S and t < c{x)}, 

where c : S — t- R U {+C)o} is the F-cut function of S (See [13J). The point $(a;,t) on 
satisfies 

^^^x,t)=up=:fu + ^, (3.1) 

and T^t will disappear at the time T = maxY;c{x), where / is a smooth function defined 
onEx/cSxR and C, is tangent to E^. Remark that the anisotropic normal up = 
(j)ou = F{v)v + DF\^. So / = F{v) and ^ = DF\^ in dXT]) . 

Proposition 3.1. Under the flow (13. ip . U7e /iawe the following evolution equations: 

^^dAt = (dive - nHf)dAt, (3.2) 

^ = -V/ + MO, (3.3) 
o z/i = (Z)F(z/t), -V/ + rfi/i(0), (3.4) 
^i/^ = A^/ + tr(ApS2)/ + (V/f^, 0- (3.5) 

Proof. In fact, the first three equations are classical results and the last one follows from 
Lemma 2.1 of [H] or (4.20) in 0. □ 
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Define 



r F Of, 
Q{t) ■= n / -^dAt. 



From the identities in Proposition I3.H we have 



JSt ^F 



■4-nH{F o u,) - ^^T^iApf + tT{AFS')f)}dA. 

rip Ur 



IF np 
Thus by the divergence theorem and the definition of Hp (11. 2p we get 

-Q\t) = I {/(V-^,DFoz/,) + -^[div(DFoz/,)-ni/Foz/,] 
JT,t ^F 

[AFf + tT{AFS^)f]}dAt 



m 



[ {-l4(Vi^F, DFout)-f- ^4^[AFf + triAFS')f]}dA. 

jT,t ^F ^F 



Now taking account into f = F o ut and f l2.16p . we get 



n 



f F o 

Q'W = / { p^[(Vif^,DFozy,)+A^(Foz/0+tr(Ap5')Fozy,]-Foz/,}dA,. 

JT.t ^F 



, — 772 ^ ^^-^ i^tu^^t 

n r 



+ l)F o VidAt 



< -(1 + -) / Fo u^dAt < 0, 



n 

where we have used Irf > - and the equal sign holds if and only if Sp = —Id. This 

shows that Q{t) is monotone decreasing. 
For < r < T, 

g(0)-g(r) = - / Q'{t)dt> (n + l) / FoutdAdt 
Jo Jo Jjlt 

= (n + l) [ dV, 

where the last equality follows from the co-area formula. Let t ^ T. Then we obtain the 
following Heintze-Karcher type integral inequality that one can find also in [13] where it 
was proved using the ideas of [T8] . 

Theorem 3.1. Let x : S — )■ W^^^ be a dosed hypersurface embedded into the Euclidean 
space. If the anisotropic mean curvature Hp with respect to the inner normal v is every- 
where positive on E, then we have 

n [ ^^dA > (n + l)V(fi), (3.6) 



where V{Q) is the volume of the compact domain Q determined by S. Moreover, the 
equality holds if and only if S is anisotropic umbilical. 

4. Proof of the main theorem 

Once we have Minkowski formula fl2.19p and Heintze-Karcher type inequality f l3.6p . it 
is straightforward to prove the Alexandrov type theorem by the standard argument ([H], 

my- 

Since the hypersurface E is compact and oriented in M""*"^, there is a point on S where 
all the principal curvatures are positive with respect to the unit inner normal u. It follows 
from Ap is positive definite that all the anisotropic principal curvatures at this point are 
positive. So the r-th anisotropic mean curvature is a positive constant. It follows from 

the Carding inequality (c.f. Lemma 1 in [TS]) that i^r_i > Hr"^ and Ht < Hi = Hpjn 
for r = 1, ■ ■ ■ , n — 1 and the equality happens only at anisotropic points if r > 2. Thus 
the Heintze-Karcher type inequality implies 

{n + l)i7y"V(fi) < J FoudA (4.1) 

and the equality holds if and only if S is anisotropic umbilical. Combined with the 
Minkowski formula fl2.19p . 




= Hr^' [ (F OU + Hy'{x,u))dA. 
Since Hr is a positive constant, we have 

(n + l)Hll'Y{VL) = -Hi''' [ {x, v)dA > [ Fo vdA. 
Hence the equal sign in (14.11) is attached. Together with Lemma fTTTl the proof is complete. 
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